Abstract. We consider questions in Galois cohomology which arise by considering mod p Galois representations arising from automorphic forms. We consider a Galois cohomological analog for the standard heuristics about the distribution of Wieferich primes, i.e.
Introduction
Let F be a number field, and let r 1 and r 2 be the number of real and complex places of F , respectively, so that [F : Q] = r 1 + 2r 2 . The Leopoldt conjecture predicts that the number of Z p -extensions of F is r 2 + 1. Put another way, it asserts that the Galois group of the maximal, abelian pro-p extension of F unramified outside the places above p has Z p -rank equal to r 2 + 1. By considering the global Euler-Poincaré characteristic formula, this statement is equivalent to the vanishing H 2 (G F,Sp∪S∞ , Q p ) = 0, where S p and S ∞ are the places of F above p and ∞, respectively, and G F,Sp∪S∞ is the Galois group of the maximal extension of F unramified outside p and ∞.
One can consider a mod p analogue of this statement. The type of question we will be asking throughout this note is the following: Question 1.1. Is H 2 (G F,Sp∪S∞ , Z/pZ) = 0 for almost all primes p?
In this note, "almost all" refers to either "all but finitely many" or "all outside a set of density zero." We would be satisfied with either answer, and in our heuristics, we clearly state the intended meaning. The question can be viewed as asking if for almost all p the deformation of the trivial mod p representation of G F is unobstructed.
Note that the vanishing in Question 1.1 implies, by the global Euler-Poincare characteristic formula, that dim H 1 (G F,Sp∪S∞ , Z/pZ) = dim Hom(G F,Sp∪S∞ , Z/pZ) = r 2 + 1, which implies Leopoldt's conjecture in the stronger form that the Galois group of the maximal, abelian pro-p extension of F unramified outside the places above p is Z r 2 +1
p . Thus we think of the expected affirmative answer to our question as a mod p Leopoldt conjecture for almost all primes p. Question 1.1 has an affirmative answer in the case F = Q (since H 2 (G Q,Sp∪S∞ , Z/pZ) = 0 for all p > 2, and for p = 2 we have dim H 2 (G Q,S 2 ∪S∞ , Z/2Z) = 1), and when F is an imaginary quadratic field. However, in any case where we have a unit of the number field of infinite order, for instance F real quadratic, we do not know the answer to our question, despite the fact that H 2 (G F,Sp∪S∞ , Q p ) = 0 is easy for F real quadratic fields. In this case (see §4) our question is a direct analog of the classical question if almost all primes p are non-Wieferich, i.e., 2 p−1 is not 1 mod p 2 for almost all p. Question 1.1 and the heuristics for it have been studied before by Gras and others, see [19] and the references therein. 1 A field that satisfies H 2 (G F,Sp , Z/pZ) = 0 is called prational; see [29, p. 162] (note that H 2 (G F,Sp , Z/pZ) = H 2 (G F,Sp∪S∞ , Z/pZ) for p > 2). The expected abundance of p-rational fields has been formulated in various places. For recent applications and conjectures see [20] or [22] .
More generally in this paper, we will be asking questions related to the vanishing of degree two Galois cohomology groups with coefficients arising adjoint representations thar arise from compatible systems of Galois representations. In other words, we ask if for most primes p the deformation theory of mod p representations arising from a fixed compatible system is unobstructed. The questions seem extremely hard to answer, but we record some computational evidence in support of our guesses.
We give a brief description of the contents. In §2 we state the dimension conjecture for deformation rings (due to Mazur) which motivated our work. In §3 we recall results of Weston which prove that for almost all primes p the deformations of mod p representations arising from a fixed newform of weight k ≥ 2 is unobstructed which motivated our mod p Leopoldt conjecture. In §4 we discuss the mod p Leopoldt conjecture and some (meagre) computational evidence for it. (The reference [19] gives many references to the rich literature about these questions.) In §5 we consider the characteristic 0 situation briefly. Here the classical Leopoldt conjecture is open, and in a more automorphic setting, the smoothness of deformations of p-adic representations arising from (for example) Bianchi forms is not known. In §6 we consider the conjectural analog of Weston's result for mod p compatible systems arising from classical weight one forms. In §7 we consider the finer question if the ordinary weight one deformation ring for almost all primes p of the mod p representations {ρ f,p } arising from a fixed classical weight one newform f is smooth (which implies that the ordinary deformation ring is smooth, and that H 2 (S ∪{p, ∞}, Ad(ρ f,p ))=0 with S consisting of primes that divide the level of f ). This can be expressed qualitatively by saying that mod p representations arising from p-adic weight one ordinary forms of fixed tamel level N are typically ramified at p. In §8 we consider the analog of this question for ramification away from p. For example we ask: Fix primes p = , then is it true that for all but finitely many primes q there is a (mod p) Hecke eigenform f in S 2 (Γ 0 (q ), F p ) such that the corresponding mod p representationρ f : G Q → GL 2 (k), with k a finite field of characteristic p, is irreducible and ramified at q and ? The question is challenging when there is a form in S 2 (Γ 0 ( ), F p ) that gives rise to an irreducible mod p representation for which q is a level raising prime. We can't rule out the possibility that all the modular forms in S 2 (Γ 0 (q ), F p ) give rise to representations that already arise from S 2 (Γ 0 ( ), F p ).
The heuristic we employ in this paper is similar to that used in [19] (see also its references), [24, Prop. 7.2] and to some Cohen-Lenstra style heuristics. We chose the reference to Wieferich primes in the title of the article, since their expected occurrence is the most basic instance where such a heuristic seems to have been applied first.
We would like to thank Frank Calegari and Joël Bellaïche for helpful correspondence about the questions explored in this note. The last author wondered about a "mod p Leopoldt" conjecture and the natural heuristic for it in 2014, and subsequently corresponded with Frank Calegari about it: §6 and §7.2 are due to Calegari and date from that correspondence. We would also like to thank John Coates, Ravi Ramakrishna, Romyar Sharifi and Jack Thorne for useful correspondence and conversations.
Review of Deformation Theory and Dimension Conjectures
In this section, we review the basics of Galois deformations and recall a dimension conjecture of Mazur. Let F be a number field. We will often restrict ourselves to the case where F is either totally real or CM (the questions we ask seem hard even over quadratic fields, and sometimes for Q itself), but for now assume F is arbitrary. Let n ≥ 1 be an integer, and let p be a prime such that (p, n) = 1. Let S ⊃ S p ∪ S ∞ be a finite set of places of F . We will let G F,S denote the Galois group of the maximal algebraic extension of F unramified outside S. Suppose thatρ : G F,S → GL n (k) is an irreducible representation, where k is a finite field of characteristic p. If F is totally real or CM,ρ will typically be odd.
Let W (k) denote the Witt vectors of k, and let CNL W (k) be the category of complete Noetherian local W (k)-algebras with residue field k. We will denote by F : CNL W (k) → Sets the functor which takes an object A ∈ CNL W (k) to the set of deformations ρ : G F,S → GL n (A) ofρ. Mazur [27] proved that F is a representable functor, and we denote the representing object by R univ , known as the universal deformation ring. We have the following presentation result due to Mazur.
inducing an isomorphism of mod p Zariski tangent spaces.
Recall, also, the Euler-Poincaré formula:
If h i is as in the previous proposition, then
These two propositions lead to the following conjecture:
Suppose that S is finite and contains S p ∪ S ∞ . Then R is flat over W (k) and the relative dimension of R over W (k) is given by
The conjecture seems to go back to Mazur, who observes in [27, 1.10, Lem. 4] that if n = 1, then it is the same as the classical Leopoldt conjecture as stated in the introduction. Thus, Mazur's conjecture is a higher dimensional analogue of this classical question. Let us note that our reference is the Dimension Conjecture stated by Gouvêa in [18, Sec. 4] , who suggests Mazur as the source. A similar conjecture was stated by Flach. The statements made by Gouvêa and by Flach have in fact fewer hypotheses than the conjecture we state above, and in both cases counterexamples are known; see [32] and [4] .
One case where Mazur's conjecture is obvious is the case when h 2 = 0, i.e., when we have H 2 (G F,S , Ad(ρ)) = 0. In this case, the lifting problem forρ is unobstructed. We will be examining the case when this second cohomology group vanishes for generic characteristic when examining residual representations which arise from some compatible systems. We make the following definition.
Definition 2.4. Let (ρ λ ) λ denote an L-rational compatible system of mod p Galois representations, where λ runs over the finite places of L and theρ λ : G F,S∪S l(λ) → GL n (k λ ) are Galois representations (here l(λ) is the residue characteristic of λ), in the sense of [26] . Then the system is said to be generically unobstructed if H 2 (G F,S∪S l(λ) , Ad(ρ λ )) = 0 for almost all λ.
Generic Unobstructedness in Modular Forms Setting
In this section, we recall a result of Weston [35] which motivates the idea of this note. Let f denote a newform of level N , weight k ≥ 2, and character , and let K = Q(a n (f )) denote the number field gotten by adjoining the Fourier coefficients of the q-expansion of f . Let S be a finite set of places of Q which includes all primes dividing N and the infinite place. Consider the compatible system of representations (ρ f,λ ) λ , where λ runs over the finite places of K. We denote byρ f,λ : G Q,S∪{l} → GL 2 (k λ ) the reduction of ρ f,λ , which for almost all λ is an irreducible representation. Here we simply write l for l(λ).
Let R f,S,λ be the universal deformation ring parametrizing deformations ofρ f,λ which are unramified outside S ∪ {l}. Then Weston proves the following:
Theorem 3.1.
(1) If k ≥ 3, then for almost all places λ, the deformation ring is unobstructed, i.e.
(2) If k = 2, then the above is true for all λ outside a set of places of density zero. More precisely, if T is the set of all λ such that a l (f ) 2 ≡ (l) mod λ andρ λ restricted to G l is semisimple, then unobstructedness can only fail for finitely many λ outside T .
Remark 3.2. The case of weight k = 1 is subtler, and relates to one of the main themes of the paper as we see in §6 and §7.2.
Sketch of Proof.
For the full proof of the theorem, see [35, Sect. 5.3] . The sketch is as follows. Consider the minimal deformation ring R associated toρ f,λ , where λ is of characteristic l 0. By the modularity lifting theorems of Wiles and Taylor-Wiles, one shows that R is isomorphic to a Hecke ring acting on S 2 (Γ 1 (N ), O) m λ . This Hecke ring is isomorphic to W (k λ ), whence the isomorphism R ∼ = W (k λ ) follows. Thus, the Zariski tangent space of R is trivial, which means that a Selmer group H 1 L (G Q,S∪{l} , Ad 0 (ρ f,λ )) = 0. One then applies the Greenberg-Wiles formula to obtain the vanishing of the corresponding dual Selmer group
By examining the Poitou-Tate exact sequence, we obtain
If k > 2, then the local H 2 -terms vanish for sufficiently large l. If k = 2, then the local term H 2 (Q l , Ad 0 (ρ f,λ )) may not vanish if l is in the exceptional set of primes described in the theorem. This is why the two cases are split in the statement of the theorem.
Observe that the theorem is saying that the compatible system of residual representations attached to newforms is generically unobstructed as defined in the previous section. For regular algebraic irreducible polarized compatible system of representations in [2] , the method of Weston should generalize to prove generic unobstructedness at a positive density of primes as R = T theorems are available. There is work by David Guiraud on this question; see [21] . A key question that requires thorough analysis is whether the local H 2 -terms vanish using local-global compatibility results for Galois representations attached to regular, algebraic, conjugate, self-dual, cuspidal (RACSDC) forms provided by Ana Caraiani [9] . Remark 3.3. Let us also note that a simple statistical model might suggest that the set T in the statement of Theorem 3.1 is finite: As discussed in [28, p. 157 ] one expects (if f is Q-rational) for infinitely many primes l that a l (f ) 2 = (l) but that for any x 0 the number of such l is of the order O(log log x). A statistical model can be based on the Sato-Tate conjecture, now a theorem of Clozel, Harris and Taylor; see [8] and [34] ; chances of a l (f ) 2 = (l) are of the order O(
). However there is also the issue of the semisimplicity ofρ λ restricted to G l . This might be expected to occur statistically 1 l many times, and this should be independent of a l (f ) 2 = (l). Now since l
is finite, one should expect T to be finite. Results and conjectures in this direction are formulated in [15] and [17] .
After we leave the setting of RACSDC forms, we encounter (as far as we know) open questions such as the following: Question 3.4. Let K/Q be imaginary quadratic and let π be a regular, algebraic cusp form on GL 2 (A K ). Consider the compatible system (ρ π,λ ) associated to π. Is it true that for almost all λ, we have an injection
The difficulty of answering this question is the following. Automorphy lifting theorems as in [7] would prove under some hypotheses that a certain minimal Selmer group H 1 L (G K,S∪{l} , Ad 0 (ρ π,λ )) = 0 for almost all λ. However, the Greenberg-Wiles formula does not provide the vanishing of the corresponding dual Selmer group because we are not in the balanced situation that Weston operated in for his theorem. In fact, in this "defect one" setting, the dual Selmer group
Thus for all but finitely many λ, the methods in [7] 
and not the sharper inequality
which we might expect to hold for almost all λ.
The Trivial Motive
In the introduction, we posed the following question which has been studied in [19] : If F is a number field and G F,p denotes the maximal extension of F unramified outside p and ∞, then is H 2 (G F,p , Z/pZ) = 0 for all but finitely many p? As remarked after the question, this is easy in the case in the case of F = Q and in the case when F is an imaginary quadratic field. In this section, we will examine mainly the real quadratic setting.
The heuristic we give in the real quadratic situation, which is close to [19] , is very similar to counting Wieferich primes. We refer the reader to [19] for much finer heuristics about this question. This sum grows like log log X.
A nice way of viewing this analysis is the following. We have a set, namely
and we have a given point that we want to hit, namely 1 + p 2 Z ∈ K. We are treating our object 2 p−1 + p 2 Z ∈ K as a random point in K and asking for the probability that this random point is our desired target point.
With this in mind, we return to our original question about the vanishing of
If p does not divide the class number of F , the group H 1 (G F,p , Z/pZ) = Hom(G F,p , Z/pZ) is dual to the p-part of the ray class group of F of conductor p 2 . We therefore have an exact sequence,
By counting dimensions, we see that
Comparing the two expressions, we see that h 2 = 0 precisely when
If denotes the fundamental unit of F , then h 2 = 0 is the same as saying that
One would expect this to happen with probability 1/p, and so the number of primes p up to X for which h 2 = 0 should be
which, as in the Wieferich primes setting, again grows like log log X. From this, we should expect a density one set of primes for which H 2 (G F,p , Z/pZ) = 0. This seems very hard to prove, but the work of [33] suggests that assuming the abc conjecture, one could show that this happens for at least c log X primes p ≤ X, where c is a nonzero constant. We used magma to check the primes 1 < p < 10000 for which H 2 (G F,p , Z/pZ) = 0 as F ranges over real quadratic fields The data is shown in the Table 1 on page 8. The entries indicate that in the small cases considered, the nonvanishing of H 2 (G F,p , Z/pZ) seems to be quite rare, but as log log X grows so slowly almost no amount data would be convincing enough. Observe that the analysis above mirrors the earlier analysis of the Weiferich primes. Cf. [25] for similar results for Wieferich primes and geometric analogs. In this paper we are exploring the Wieferich type phenomenon for Galois cohomology.
We can offer another perspective on the question, where now we let F be any totally real number field. By a formula of Colmez, see [13] , if ζ F,p (s) denotes the Deligne-Ribet p-adic zeta function of F , then
where R F,p is the p-adic regulator of F . This is in parallel with the Dirichlet-Dedekind class number formula for the zeta function ζ F (s):
where R F,∞ is the classical regulator of F . The existence of a pole at s = 1 of ζ F,p (s) is equivalent to Leopoldt's conjecture for F and p. On the other hand, for almost all primes p, the vanishing of H 2 (G F,p , Z/pZ) is equivalent to Res s=1 ζ F,p (s) being a p-adic unit. Thus, for almost all p, our question is a refinement of the Leopoldt conjecture that not only does the Deligne-Ribet p-adic zeta function have a pole at s = 1, but that the residue is also a p-adic unit.
Characteristic Zero
We switch gears and consider the characteristic zero question. Let F be a number field, and let S be a finite set of places of F that contains all places above p and ∞. Let V be a p-adic representation of G F,S that is pure of weight w = −1. An example of such a V would be the adjoint motive of a pure motive, which would be of weight zero. We have the following conjecture due to Jannsen.
Remark 5.2. By the Euler-Poincaré characteristic formula, this conjecture is equivalent to the statement
In the setting F = Q and V is the adjoint p-adic representation arising from a newform f of weight k ≥ 2, this is a known result due to Flach, Mazur, Weston, Diamond-Flach-Guo, Kisin et. al., e.g. [16, 35] . For weight k = 1, this is proved in [3] using Baker-Brumer result on independence over Q of p-adic logarithms of algebraic numbers that are independent over Q.
If V = Q p , then this conjecture is equivalent to the Leopoldt conjecture for F and p, which, as remarked in the introduction, is equivalent to
We could study the case of Bianchi modular forms. Let K be an imaginary quadratic field, and let π be a cuspidal cohomological form on GL 2 (A K ). This gives rise to a compatible system of representations of G K , which we denote (ρ π,λ ). The representation Ad 0 (ρ π,λ ) is expected to be pure of weight zero since ρ π,λ is expected to be pure. We can, therefore, try to examine Jannsen's conjecture in the case when V = Ad 0 (ρ π,λ ). Using automorphy lifting methods, for forms that are "generic" it can be proven that H 2 (G K,S , Ad 0 (ρ π,λ )) has dimension at most one, but it seems a hard problem to prove that the dimension is 0 as predicted by Jannsen.
Artin Representations
In this section, we will consider a system of representations arising from Artin representations over number fields. This section is due to Frank Calegari.
First, we will work over Q and then move to the general situation of an arbitrary number field using Shapiro's lemma. Let us note again, that the heuristics we employ should be compared with that of Section 7 in the recent preprint [24] .
6.1. Artin Representations over Q. Let W C be a finite dimensional C-vector space, and let ρ : G Q → Aut(W C ) be a continuous, irreducible representation. Let E = Q ker ρ be the splitting field of the representation, so that G = Gal(E/Q) is isomorphic to im ρ. Denote by S the set of places at which E/Q is ramified together with the place ∞.
2 There is a canonical, minimal abelian field K containing the traces of the action of G on W C , and this field comes with an embedding K → C. For a place l denote by G l ⊂ G the decomposition group at l. We will consider primes p for which:
(Hyp 1) The prime p does not divide |G|. Because of (Hyp 1), the representation W C admits a model W O over the completion O := O K,p at any prime p above p. We will let W denote the mod p reduction, namely W := W O /p. This reduction will be an absolutely irreducible, faithful representation of G over k := O/p. We could view W as a vector space over F p instead of as one over k. When considering W as such a space, we will write it as W Fp . Notice that W Fp is an irreducible
Note, also, that W Fp ⊗ Fp k will decompose as the direct sum of [k :
For various explicit computations we also recall from [5, Prop. 3.2] the isomorphisms
-modules, where G ∞ is the decomposition group of G at the infinite place; here we use (Hyp 2), so that E contains no primitive p-th root of unity and is unramified at p.
The first question to tackle is to try and understand the expected dimension over k of H 1 (G Q,S∪{p} , W ), where as in the introduction, G Q,S∪{p} denotes the Galois group of the maximal extension of Q unramified outside S ∪ {p}. Letting h i denote the dimension over k of the corresponding cohomology group, the global Euler characteristic formula yields:
with G R = Gal(C/R) embedded into G Q . This gives a lower bound on h 1 (G Q,S∪{p} , W ).
On the other hand, by (Hyp 3), we can understand h 1 (G Q,S∪{p} , W ) in terms of global units. Indeed, the inflation-restriction sequence gives an exact sequence
here G E,S∪{p} denotes the Galois group of the maximal extension of E unramified outside the places of E above S ∪ {p}. Since the cardinality of W G E,S∪{p} = W is prime to |G| by (Hyp 1), we get that H i (G, W ) = 0 for i > 0. Moreover by (Hyp 5), the inclusion
vanishes by (Hyp 5). It follows that the inclusion
Now by (Hyp 3), we may identify Hom(G E,{p,∞} , F p ) with the dual of the p-part of the ray class group of conductor p 2 . That is, we have a right exact sequence of 
We have the following lemma:
Lemma 6.1. There are equalities
Proof. It suffices to show the equality between the first and the third term. Using (2), we deduce that
Tensoring the right exact sequence resulting from (5) with W Fp , and taking G-invariants, which under (Hyp1) is an exact operation, produces a sequence of F p -vector spaces of the form
From equation (3), we find that h 2 (G Q,S∪{p} , W ) = dim ker α p . Thus h 2 (G Q,S∪{p} , W ) vanishes precisely when α p is injective. We can, therefore, try to determine when this is zero by treating α p as a "random" map between F p -vector spaces, and asking when this random map is injective.
Lemma 6.2. Let n ≤ m be integers of size at least 1. The probability that a random map
Proof. We want the column space of a matrix representing this random map to be ndimensional. First, we can count the number of n-dimensional subspaces of F m p . There are
different bases of F m p of size n. We then divide by the number of possible bases for a given n dimensional subspace in order to obtain the number of n dimensional subspaces of
There are p nm total linear maps. Thus, the probability that a random map is injective is given by the desired formula.
Recall the following definition. Definition 6.3. An Artin representation W C is totally even (resp. totally odd ) if complex conjugation c ∈ G acts by +1 (resp. −1).
We also classify Artin representations as one of three types: Proof. The lemma is an easy consequence of the definition of δ(W ) coupled with the previous definition.
We formulate a heuristic:
Heuristic 6.5. The map p → α p behaves like a random map of vector spaces.
With the previous two lemmas and the preceding remarks, we deduce the following:
Proposition 6.6. Let W C be an irreducible Artin representation over Q.
(i) If W is of type (A), then H 2 (G Q,S∪{p} , W ) = 0 for all but finitely many primes p.
(ii) If W is of type (B) and if Heuristic 6.5 holds, then there are approximately log log X primes p ≤ X for which H 2 (G Q,S∪{p} , W ) = 0. (iii) If W is of type (C) and if Heuristic 6.5 holds, then one has H 2 (G Q,S∪{p} , W ) = 0 for all but finitely many primes p.
Proof. We need to consider the kernel of the map α p :
. In case (i) when W is of type (A), then as δ(W ) = 0, we find that α p is always injective. Thus H 2 (G Q,S∪{p} , W ) = 0 for all primes satisfying (Hyp 1)-(Hyp 5). In case (ii), when W is of type (B), then δ(W ) = dim(W ), and Lemma 6.2 tells us that the probability that α p is not injective is 1 p . Thus, we expect
Finally, in case (iii), when W is of type (C), then δ(W ) < dim(W ). Lemma 6.2 says that the probability that α p is not injective is roughly
Since the sum over all primes p 1 p 2 converges, we expect only finitely many primes for which H 2 (G Q,S∪{p} , W ) = 0. 6.2. Artin Representations over Arbitrary Number Fields. Now suppose F/Q is a number field, and consider an irreducible Artin representation W C of G F . Suppose the representation factors through Gal(E/F ), and let L denote the Galois closure over Q of E, and S the set of places of Q that ramify in L/Q together with ∞ (we shall use S also for the places in F , E or L above S). We will let
We will choose a prime p satisfying (Hyp 1) -(Hyp 5) for L/Q as in the previous section. By Shapiro's lemma, we have that
, where M is any G F,S∪{p} -module. We may write
where the various U are irreducible representations of G Q . Note that the U 's will be representations of G. We make the following definition.
Definition 6.7.
(1) We say that W is of type (B) if at least one of the U with µ U > 0 is of type (B). (2) We say that W is of type (A) if every U with µ U > 0 is of type (A). (3) Otherwise, W is of type (C).
Let U be a representation with µ U > 0. By Frobenius reciprocity,
Since W is irreducible by hypothesis, this means that W ⊂ U | H for every U with µ U > 0. Proof. First we prove (1). Suppose W is the restriction of a totally even representation U + over a totally real field F + . Then Ind Q F W contains Ind Q F + U + , which is totally even and non-trivial unless F + = Q and U + = C, which cannot happen since dim C (W ) > 1.
Conversely, suppose W is of type (B). Then there exists a totally even representation U of G Q such that W ⊂ U | H . Let F + denote the maximal totally real subfield of F . By Frobenius reciprocity, W is also a subset of U + | H , where U + is an irreducible summand of U restricted to G F + . The claim is that W = U + | H . Equivalently, that U + | H is irreducible. Since U + is totally even, the action of G F + on U + factors through a finite extension L + /F + , where L + is totally real. On the other hand, L + and F are totally disjoint over F + , because the intersection is totally real and would therefore be contained in F + by the maximality of F + . Hence, Gal(L + F/F ) = Gal(L + /F + ), and so the action of G F on the restriction U + | H factors through the same image, and hence U + | H is irreducible, as desired.
Statement (2) is easy. Indeed, if W ∼ = C and F contains a totally real subfield F + which is not Q, then Ind 3. An Example of type (C). Let K/Q be an imaginary cubic field with Galois closure E/Q and Gal(E/Q) ∼ = S 3 . Let ρ : G Q → GL 2 (C) be the corresponding weight 1 representation, with underlying representation space W C and with det(ρ) = χ the corresponding quadratic character. Suppose σ, τ ∈ G Q generate Gal(E/Q) when restricted to E. We will assume ρ has the following form:
where ω ∈ C is a (primitive) cube root of unity. Let p > 3 be a prime which is unramified in E and coprime to the class number h E . Then (Hyp 1) to (Hyp 4) are satisfied. Depending on E there will also be a small finite list of primes p that need to be excluded for (Hyp 5) to hold. Since G = S 3 , it is not hard to see that this latter list is contained in (7) H 5 := {p | p is a prime number and p divides l 2 − 1 for some l ∈ S}.
Denote byρ,χ and W the reductions mod p of ρ, χ and W formed in the sense of Subsection 6.1. Using standard results on induction, and that ρ is induced from a character of order 3 of the fixed field of ker χ, one verifies that Ad In the case at hand δ(W ) = 1, dim W = 2 and hence arguing as after equation (6), one has h 2 (G Q,S∪{p} , W ) = 0 if and only if h 1 (G Q,S∪{p} , W ) = 1. We have tested this numerically in some cases, under the additional hypothesis thatρ(Frob p ) has order 3. This latter condition is useful in Subsection 7.2 where a refinement of the present analysis is given.
We now explain how to make h 1 (G Q,S∪{p} , W ) computationally accessible. Applying Hom G (·, W ) to (5) yields
Since p is inert in K/Q the completion O Kp of O K at p carries a natural action of G p , and via this identification there is a natural action of G p on O K /pO K , and by (2) one has 
To understand the isomorphism more explicitly, let k p be the residue field of O Kp . Then O E /pO E = k p × k p and τ ∈ G ∼ = S 3 interchanges the two factors. One verifies from the definition of induction that if ψ :
We also have the natural inclusion O
Since E contains no primitive p-th root of unity and since K is the fixed field in E under τ ∈ S 3 via the G-action on O × E , the restriction map (10) Hom
into the τ -invariants of W is an isomorphism, as well. This gives a short exact sequence
To identify the map on the right, denote by K ∈ O × K a fundamental unit. Then
lies in 1 + pO K and so we can write (12)
and then passing to O E /pO E = k p × k p , one finds that K is mapped to the diagonal element (z, z). Take on the other hand ψ ∈ Hom Gp (k p , W ). Then to describe the map we are interested in, we have to evaluate Ind
is the unique map characterized by
Now α ∨ p is the zero map if for all ψ ∈ Hom Gp (k p , W ) we have (1 + τ )ψ(z) = 0.
Lemma 6.9. α ∨ p = 0 if and only if z = 0. 
Proof. One direction is obvious. For the other direction observe first that
Using the transitive action of Aut Gp (W ) one can find ψ ∈ Hom Gp (k p , W ) with 0 = ψ(z) and ψ(z) in the 1-dimensional subspace W τ =−1 . Then (1 + τ )ψ(z) = 2ψ(z) = 0, which violates α ∨ p = 0. Thus z ∈ F p . Now it follows from the first isomorphism in (2) that z = 0. If p ≡ 1 (mod 3), then W = U ⊕ U for one-dimensional irreducible representations of G p : the element σ ∈ G p acts as multiplication by a primitive third root of unity, and both This shows that z must have component 0 in U . An analogous argument shows that z has component 0 in U , and hence we find z ∈ F p . As in the previous case this implies z = 0.
We checked the condition z = 0 for imaginary cubic fields whose discriminant ∆ lies in the range −140 ≤ ∆ < 0; We looked specifically at primes p such that 3 < p ≤ 10 8 withρ(Frob p ) of order 3. Our computation (realized in Magma code) give the following result:
Proposition 6.10. Let ∆ be in the above list. Suppose that p is in the above range, that p does not divide ∆ (and is hence unramified in E/Q) and that p is not in the list H 5 from (7) for S = {l | l is prime and l|∆}, so that p satisfies (Hyp 1) to (Hyp 5). Then Table 2 .
It might be instructive to also consider analogous examples where K is a real cubic field, so that one is in case (B). The computations would be somewhat more involved since here the units of K have rank 2 and the computation of the map α p from (6) is more demanding. In case (B) the conjecture predicts that for any discriminant ∆ one has infinitely many exceptional p, where however the size of these p grows doubly exponentially. So it is not clear how visible this is in numerical experiments.
Weight one p-adic forms
We now ask a related question about p-adic weight one forms which addresses ramification at p in mod p representations coming from Galois representations attached to p-adic weight one forms. (In the earlier section we considered ramification at q = p mainly of mod p represenations arising from weight 2 forms.) Consider the space S 1,p-adic (Γ 1 (N ), Q p ) ord of ordinary overconvergent p-adic weight one forms. Let ρ be a representation which arises from a classical weight 1 form f of level N , and denote by S 1,p-adic (Γ 1 (N ), Q p ) ord ρ mod p the subspace of S 1,p-adic (Γ 1 (N ), Q p ) ord of forms congruent to f . Suppose ρ has nebentype . Let χ p be the Teichmüller lift of the mod p cyclotomic character at p. By Hida theory and since any mod p modular form of weight strictly larger than 1 lifts to characteristic zero with the same level, one sees that ρ mod p also arises from the classical spaces of forms
p , Q p ) -overconvergent ordinary forms for the above two levels and nebentypes are classical for weight k ≥ 2. Consider primes p such that ρ p (Frob p ) has distinct eigenvalues α p , β p , i.e., ρ p is distingushed at p. For such p we localize the space of mod p modular forms at the maximal ideal m α (resp. m β ) which gives rise to ρ and contains U p − α p (resp. U p − β p ). We investigate the following question:
An affirmative answer to this question implies that the ordinary deformation ring (for a choice of α p , β p ) of ordinary deformations of ρ p is smooth and thus implies using thePoitouTate sequence that H 2 (S ∪ {p}, Ad(ρ p )) = 0 for almost all primes p. Thus this question is a refinement of the question we studied in the previous section. In a similar spirit we could ask: 
A somewhat more general question is the following: Question 7.4. Is the subspace of dim S p (Γ 1 (N ), Q p ) ord spanned by eigenforms whose mod p Galois representation is unramified at p of bounded dimension as p varies?
7.1. Computational data via modular forms. In this subsection, we explain how we investigated Question 7.3 numerically via computations with modular forms in one particular example. In Subsection 7.2 we shall explain a more efficient method due to F. Calegari and apply it to all examples from Subsection 6.3. Let p = 23 and let f be the unique dihedral weight 1 form of level 23. Attached to f there is a complex odd 2-dimensional Galois representation ρ : G Q → GL 2 (C) with image isomorphic to the dihedral group S 3 . The fixed field E = Q ker ρ is in fact the Hilbert class field of the quadratic extension Q( √ −23). In particular, ρ is only ramified at 23. Note also that ρ is the Teichmüller lift of the mod 23 reductionρ ∆,23 of the 23-adic Galois representation attached to Ramanujan's ∆-function. The last observation can be used to efficiently compute the coefficients a l (f ) for primes l that are not too large -certainly for all l that occurred in our sampling. Lifting the coefficients is simple since a l ∈ {−1, 0, 2} for l = 23 and a 23 (f ) = 1.
Using Magma, we first computed the intersection in S p := S 2 (Γ 1 (N )∩Γ 0 (p), χ −1 p , F p ) ord of the kernels of (T l − a l (f )) 2 mod p where l ranges over the 5 primes in {5, . . . , 17}, excluding p, for the 139 primes p from 3 to 809. The computation revealed
for all primes p in this range for which ρ(Frob p ) was non-scalar, i.e., not the identity, with the single exception p = 13. For p = 13 and for those primes for which ρ(Frob p ) is scalar, the multiplicity was at least 3. In fact, for p = 13 we obtained dim(S p ) ρ mod p = 3, for those p such that ρ(Frob p ) was trivial, we found dim(S p ) ρ mod p = 4 in all cases. Experimentally, we also observed that dim S p roughly grows like 2p and that the difference
p , Q p ) − dim S p appears to be bounded. In fact, R. Pollack pointed out to G.B., that in all cases we considered the difference d p is due to the presence of CM forms in S p . All other forms were ordinary. In particular, the boundedness asked for in Question 7.2 is non-trivial. Let us first recall what the theory tells us: Let p > 2 be a prime. If ρ(Frob p ) is non-scalar, then each of the two eigenvalues of ρ(Frob p ) is a possible U p eigenvalue for the Hecke action on S p (by Hida theory). Now by multiplicity one, due to Mazur, Mazur-Ribet, Gross, Edixhoven and finally Buzzard -for references see [7, Rem. 4 .9] -, it follows that the subspace of S p defined as
has dimension exactly 2. If on the other hand ρ(Frob p ) is scalar, then it follows by multiplicity two proved in [7, Thm. 4.8] and anticipated in [36] , where multiplicity at least two was proved, that the subspace S p has again dimension 2. The results just quoted also explain why in our experiment we compute the annihilator of m 2 and not that of m, where m denotes the maximal ideal of the Hecke algebra of S p corresponding to ρ.
We now provide a heuristic for the above findings for those primes p at which ρ is unramified and at which ρ(Frob p ) is non-scalar. Similar to Subsection 8.2, we have no heuristic for the other p. Our heuristic explanation of the numerical results given above is a combination of the predictions from Section 6 and an adaption of the heuristic from Subsection 8.2: First, from Proposition 6.6(iii), assuming Heuristic 6.5, we deduce that
By the Euler characteristic formula in Galois cohomology, it follows for almost all primes p that dim H 1 (G S(23)∪{p} , Ad 0 (ρ mod p)) = 2. In the example we investigated, Proposition 6.10 yields dim H 1 (G S(23)∪{p} , Ad 0 (ρ mod p)) = 2 for all primes p with 3 < p ≤ 10 8 .
Before we continue, let us first recall some local computations of cohomology and Selmer groups: If p > 3 and if ρ(Frob p ) is non-scalar, then one easily shows from local duality that H 2 (G Qp , Ad 0 (ρ mod p)) = 0; it follows that dim H 1 (G Qp , Ad 0 (ρ mod p)) = 4. The explicit formulas given in [30, Lemma 5] show dim H 1 ord (G Qp , Ad 0 (ρ mod p)) = 2. We now formulate the an analog of Heuristic 8.3: Heuristic 7.5. The sum of the restriction map
and the inclusion
is random in p as a map of F p vector spaces F 4 p → F 4 p subject to the hypothesis that r p and ι p are injective. Now if ρ mod p is p-distinguished, i.e., if (ρ mod p)(Frob p ) has two distinct eigenvalues, then Hida theory gives two weight 2 form congruent mod p to ρ whose U p mod p eigenvalues are the two eigenvalues of (ρ mod p)(Frob p ). For each of these we consider ι ord p ⊕ r p . The kernel of this map is the mod p Selmer group for ordinary deformations of ρ mod p. Hence this map is injective if and only of the corresponding universal ordinary deformation ring is a quotient of Z p . Since the ring has a characteristic zero point, it then must be equal to Z p . Thus the injectivity applies to both weight 2 forms if and only if dim(S p ) ρ mod p = 2. Now chances that ι ord p ⊕ r p is injective under the condition that the individual maps are injective corresponds to choosing two times 2 linearly independent vectors in F p and asking whether the combined 4 chosen vectors are linearly independent. The probability for this is
where on the left we already cancelled the contribution of one choice of 2 linearly independent vectors. Arguing as in the proof of Proposition 6.6, this gives the following conclusion:
Proposition 7.6. Assuming Heuristics 6.5 and 7.5, (1) for a prime p > 3 for which ρ(Frob p ) is non-scalar, the probability for the event
there are approximately log log X primes p ≤ X for which (1) holds.
Remark 7.7. Let us compare the above to the case where f is a cuspidal Hecke eigenform of weight k ≥ 2 (and new at level N ) with corresponding maximal ideal m. In this case there can be only finitely many primes l of Z for which there is a cuspidal Hecke eigenform g ∈ S k (Γ 0 (N )) such that f and g are congruent modulo l. This is well-known and follows from the fact that the Hecke algebra T over Z for S k (Γ 0 (N )) is an order in the finite product of number fields T⊗ Z Q and hence for l 0 the completion of T at l is a product of discrete valuation rings unramified over Z l . Hence in this case, there are only finitely many primes p where dim S k (Γ 0 (N )) m is larger than the expected value 1. The basic distinction between weights k = 1 and k ≥ 2 is that by Hida's theorem all forms in the p-adic space of cusp forms S k (Γ 1 (N ), Q p ) ord are classical for k ≥ 2, unlike the case of k = 1.
7.2.
Computational data via class field theory. We now give a method due to F. Calegari to detect when dim S p (Γ 1 (N ), Q p ) ord ρ mod p > 2 for not only the representation ρ considered in Subsection 7.1 but all ρ considered in Subsection 6.3. So we resume the setup of Subsection 6.3; so W is a vector space over C of dimension 2, ρ : G Q → Aut(W ) is a representation with image S 3 whose splitting field E is the Galois closure of a complex cubic field K, and χ = det ρ. Throughout, p will be a prime that satisfies (Hyp 1) to (Hyp 5) from Subsection 6.3 and such thatρ(Frob p ) has order 3, so that χ(Frob p ) = 1 and that p is inert in O K . For the reductions of W and χ mod p we write W andχ. We assume further that h 1 (G Q,S∪{p} , W ) = 1, or equivalently, as observed in Subsection 6.3, that h 2 (G Q,S∪{p} , W ) = 0. Recall also that Ad 0 (ρ) ∼ = W ⊕ χ.
We now study whether the ordinary weight 2 subspace H 1 ord (G Q,S∪{p} , Ad 0 (ρ)) of the twodimensional F p vector space H 1 (G Q,S∪{p} , Ad 0 (ρ)) vanishes. For this to make sense over F p , we assume that p ≡ 1 mod 3. Then W | Gp is a direct sum of two non-isomorphic F p [G p ]-submoduls U, U on which Frob p acts with order three. Let U 0 ⊂ Ad 0 (ρ) ⊂ End Fp (W ) be either the subspace mapping U to 0 and U to U , or that mapping U to 0 and U to U . Set
and define H 1 ord (G Q,S∪{p} , Ad 0 (ρ)) as the subspace of classes in H 1 (G Q,S∪{p} , Ad 0 (ρ)) whose
Remark 7.8. If p ≡ 2 mod 3 and Frob p has order 3, then the eigenvalues ofρ(Frob p ) will not be defined over F p . It follows that the ordinary subspace is not a pair of lines in
In particular, the vanishing of H 2 (G Q,S∪{p} , Ad 0 (ρ)) implies that the ordinary weight one deformation ring will be Z p 2 (for deformations to Z p 2 -algebras).
Under the identification Ad 0 (ρ) = W ⊕χ, the subspace U 0 is identified with a subrepresentation of W , namely U in the first case and U in the second. I.e., the two ordinary lines in Ad 0 (ρ) correspond to the two eigenspaces of W under the action of G p . We set
and define H 1 ord (G Q,S∪{p} , W ) as the kernel of H 1 (G Q,S∪{p} , W ) → H 1 (I p , W /U 0 ) under iterated restriction. We need to understand the vanishing of H 1 ord (G Q,S∪{p} , W ). Using inflation-restriction as in Subsection 6.3 and local class field theory, we have isomorphisms
Gp for p one of the two places of E above p, and we note that under our hypotheses we may identify E p with K p . Note also that the kernel of Hom(E
is the subspace of unramified classes in H 1 (G Qp , F p ). Using the local-global compatibility of class field theory, we can extend the sequence (4) to a commutative diagram with exact rows
We dualize (over F p ) and apply Hom G (·, W ). Using the identification from (8) 
From the diagram we deduce that H 1 ord (G Q,S∪{p} , W ) = 0 if and only if β is injective, and the latter is equivalent to the dashed map being injective. This map is the map α ∨ p from (11) restricted to Hom Gp (O × Kp , U 0 ). Let K and z be as in (12) . Arguing as in the proof of Lemma 6.9 one shows:
Kp , U 0 ) vanishes if and only if z is an eigenvalue under the action of Frob p (with eigenvalue necessarily a primitive third root of unity of F p ). Now Frob p z = λz for λ ∈ F p a primitive third root of unity is equivalent to z 3(p−1) = 1. Hence we need to examine when
We checked this equivalence for imaginary cubic fields whose discriminant ∆ lies in the range −140 ≤ ∆ < 0. We looked at the same primes p with 3 < p < 10 8 withρ(Frob p ) of order 3 as in Proposition 6.10, omitting those with p ≡ 2 mod 3. The results are shown in Table 3 . We omitted the prime 7 for ∆ = −139 since it lies in H 5 given in Table 2. 8. Almost multiplicity one mod p and level raising at primes q = p
In this section we deal with ramification at primes away from p of mod p representations arising from mod p newforms. Thus the question is different from the questions about unobstructedness we investigated earlier, but the guiding heuristic is very similar, and is also related to the earlier section where we considered ramification at p of mod p representations arising from weight one p-adic forms. 8.1. Two guiding expectations. Let us begin by explaining some general expectations before we investigate in more detail two concrete cases. Denote by S k (N, p) the space of weight k modular forms of level Γ 0 (N ) with coefficients in F p . We consider it as a Hecke module for the tame level N Hecke algebra generated over F p by the Hecke operators T p where p ranges through all primes not dividing N . We semisimplify the action of the Hecke algebra, since this need not hold in characteristic p. To any Hecke eigenform f ∈ S k (N, p) one can attach a continuous two-dimensional semisimple Galois representation ρ f : G Q,S(N )∪{p} → GL 2 (F p ) that is completely characterized byρ f (Frob p ) = a p (f ) for all primes p not dividing N , where a p (f ) is the eigenvalue of f under T p and S(N ) is the set of places of Q dividing N or ∞.
The first expectation is that the vast majority of the representationsρ f is irreducible and that the reducible ones asymptotically have density zero. For simplicity we call such f irreducible and the others reducible. We do not attempt to quantify this expectation. An important consequence of this expectation is that to the vast majority of forms of S k (N, p) one can apply the level lowering and level raising results of Ribet et al; see [31] .
To formulate the second expectation, note first that because of old forms, the space S k (N, p) cannot satisfy a multiplicity one hypothesis; i.e., the generalized Hecke eigenspaces may have multiplicity larger than one. However even if one takes this into account, multiplicity one will fail in general: the theory of level raising and level lowering predicts under suitable hypothesis congruences between old and new forms.
The second expectation is that the multiplicity of any generalized Hecke eigenspace of S k (N, p) for whichρ f is irreducible, is up to a small error, the minimal dimension predicted by the theory of new and old forms combined with the theory of congruences for level changing of mod p forms of Ribet et al.
An important consequence of the above two expectations is that ramification should be abundant. There is surprisingly little one can prove towards this. One expects a Murphy's law for ramification in that it should occur (plentifully!) whenever its allowed to occur. This is hard to prove in the presence of unramified forms g ∈ S k (N , p) of level N strictly dividing N which conjecturally should inhibit ramification but only in statistically negligible ways! For instance for any conductor N or weight k not too small, there should typically be a modular mod p Galois representationρ : G S(N )∪{p} → GL 2 (F p ) of weight k which is not finite at p and ramified at all primes dividing N . The argument under the above expectation is as follows: By the first expectation almost all eigenforms f in S k (N, p) are irreducible. Now ifρ f is finite at p ore unramified at some divisor of N , then by level lowering resultsρ f =ρ g for some Hecke eigenform g ∈ S k (N , p) of level N strictly dividing N . To conclude, it is now necessary that the dimension of all irreducible forms in S k (N, p) that admit level lowering is strictly less than the dimension of S k (N, p) . This typically follows from the second expectation.
The following simpler question seems already hard to answer. Fix primes p and l, that are possibly equal, then is it true that for all but finitely many primes q there is an irreducible form f in S 2 (lq, p) such thatρ f is ramified at q and not finite at l (i.e., très ramifiée when l = p and simply ramified at l when l = p)? Note that we insist, because of the results of the next paragraph, that the representation be not finite at l.
There is one easy case precisely in the situation that we do not have to contend with unramified forms. Namely, if N is a prime q, it is easy to show (by a local argument) that if q is not ±1 mod p, any representation arising from S 2 (q, p) is irreducible, and then it is ramified at q by level lowering results of Ribet. (In fact, as Romyar Sharifi indicated to us, a global argument shows that if q is not 1 mod p > 3 then any representation arising from S 2 (q, p) is irreducible.) In accordance with the above expectations, one should ask if for a fixed p > 3 and varying q the Hecke module of forms in S 2 (q, p) is almost multiplicity free in the sense that the number of mod p eigenforms arising from it is roughly its dimension.
In the following two subsections we shall explain two related numerical experiments that rely in parts on a (well-known) deformation theoretic interpretation of level raising. 8.2. Weight 2 Forms. Letρ : G Q → GL 2 (k) be an absolutely irreducible representation, where k is a finite field of characteristic p. We assume throughout this subsection that Ad 0 (ρ) is also irreduicble as the case of dihedral ρ has a different flavor which we treat separately. Supposeρ arises from S 2 (Γ 0 (N )), corresponding to a maximal ideal m of the Hecke algebra acting on this space. By theČebotarev density theorem, the set X of primes q such thatρ(Frob q ) has eigenvalues with ratio q has positive density. Let q ∈ X, and let m denote the maximal ideal of the Hecke algebra acting on S 2 (Γ 0 (N q)), which is the same as m away from q, and such that U 2 q − 1 ∈ m . In this case level raising asserts that there is a Hecke eigenform in S 2 (Γ 0 (N q)) that is new at q and whose associated Galois representation mod p is equal toρ, i.e., that there is a congruence. The question we want to ask is the following:
q-new m = 1 for a positive density of primes q ∈ X? 4 Similarly, we could ask:
We have analyzed the first question for some small fixed N and p. In fact, the first case considered was N = 11 and p = 11, building off numerical investigations carried out by Tommaso Centeleghe. In this case S 2 (Γ 0 (11), F 11 ) = S 12 (SL 2 (Z), F 11 ) = F 11 · ∆ as Hecke modules. Supposeρ =ρ ∆,11 , and consider primes q for which τ (q) = ±(q + 1) mod 11. Question 8.1 in this setting asks whether there is a unique q-new form in S 2 (Γ 0 (11q)) which gives rise toρ.
Fix a prime p and a square free integer N > 1, and let f ∈ S 2 (N, p) be a Hecke eigenform whose generalized Hecke eigenspace has dimension 1 and such thatρ :=ρ f is not finite any prime dividing N . To interpret our findings, we first analyze level raising at a prime q from a deformation theory perspective. Thus as before we consider primes q for which Ribet's level raising condition a q (f ) = ±(q + 1) mod p is satisfied, but ignore those primes for which q ≡ 1 mod p andρ(Frob q ) is a scalar matrix. Let k be the coefficient field of f , so that in the following we may and will regardρ as a representation to GL 2 (k).
There are up to four universal deformation rings R ? relevant here: All rings parametrize deformations ofρ which are unramified outside Npq, and which at all primes l dividing N are of the form (14) χ p * 0 1 , where χ p denotes the p-adic cyclotomic character, i.e., unramified Steinberg at l if l = p and ordinary weight 2 if l = p, and which at p are crystalline of weight 2 if p does not divide N . The ring R q-unr parameterizes those deformations which are unramified at q, the ring R q-new those which are of the form (14) at q, i.e., which are Steinberg at q, and the ring R those which are unrestricted at q. If q ≡ −1 (mod p), we also consider the ring R q-new-tw which at q parameterizes deformations of the shape in (14) twisted by χ p , i.e. unramified quadratic twists of Steinberg at q. (The reason for ignoring the primes 1 mod p for whichρ(Frob q ) is scalar is that the local problem at q may not be representable in this case.) We refer to [30] and to [6] for a detailed deformation theoretic discussion of the local deformation rings introduced above at primes dividing N p and dividing q, respectively; in particular [30] provides the local computations of the dimensions displayed below.
For each of the above deformation problems, the tangent space is given by a Selmer group. At primes l dividing N p, in all cases, the local problem is given by the same subspace
, and in each case we have a tuple
where I q is the ramification subgroup of G Qq . Assuming that ρ(Frob q ) is non-scalar if q ≡ 1 (mod p), we have the following dimensions of the local problems:
In each of the above cases, an isomorphism R ? ∼ = T ? is known for a corresponding Hecke algebra T ? : For any N , let T 2 (Γ 0 (N )) denote the full Hecke algebra acting on S 2 (Γ 0 (N )). The algebras T q-unr and T are the completion of T 2 (Γ 0 (N )) and T 2 (Γ 0 (N q)), respectively, at the maximal ideal generated by M := {p}∪{T l −a l (f ) | l | N q}, i.e., the ideal corresponding toρ. If q ≡ −1 (mod p), then T q-new is the completion of T 2 (Γ 0 (N q)) at the maximal ideal generated m by M ∪ {U 2 q − 1}, and if q ≡ −1 (mod p), then T q-new and T q-new-tw are the completion of T 2 (Γ 0 (N q)) at the maximal ideal generated by M together with either U q − 1 or U q + 1, respectively. By our hypothesis on f , the algebra T q-unr is isomorphic to the ring of Witt vectors W (k). By level raising theorems, the algebra T q-new (and T q-new-tw for q ≡ −1 (mod p)) has positive rank over W (k).
The above means that the mod p tangent space of R q-unr is trivial, i.e., that we have
The mod p tangent spaces of R q-new (or R q-new-tw ) are trivial if and only if the dimension of the space of (twisted) q-new forms is 1. The Greenberg-Wiles formula then gives that
here δ q = 1 if q ≡ −1 (mod p) and δ q = 2 in the remaining case. Note that the strict positivity of δ q is also implied by level raising which implies that the mod p tangent space of R is non-trivial. Let k 0 ⊂ k be the field of definition of Ad 0 (ρ).
Heuristic 8.3. The restriction map
is random in q as a map of k 0 vector spaces k . Now the hypothesis that q → r q behaves radomly simply means that the map q → a q (and q → b q ) takes random values in k 0 . Thus our heuristic predicts that the probability that the multiplicity of the q-new space(s) in question is larger than 1 is One can also combine this, to get the prediction dim S 2 (Γ 0 (N q)) Table 4 .
testing for fixed p all q up to a certain size, depending on ? and p. The denominator given in the rows labelled Data is the total number of q in S ? up to that bound. The numerator is the number of those q where the multiplicity of the eigenspace in question is larger than expected. In case iv we have no heuristic model. Here the data suggests dim S 2 (Γ 0 (N q)) q-new m ≥ 4, always. This was witnessed by 56 primes q for p = 3, by 7 primes q for p = 5, and by 2 primes q for p = 7; in each case, the lower bound 4 was attained most frequently. Case iv is rare in general, as is immediate from δ(S iv ) displayed above. We found no q for p = 11 in case iv in our range of computation; the smallest candidate q is 109297. Let us mention that we were able to distinguish case iv from case iii because of [10] by Centeleghe and because our eigenforms f correspond to elliptic curves defined over Q. The computer code used is from [11] . The same statistics should also hold for the event dim S 2 (Γ 0 (N q)) q-new,Uq= m = i if q ≡ −1 (mod p) and is a sign in {±1}. In Table 5 we compare our data with this prediction in the case p = 3.
8.4.
Level raising for S 3 -representations. We excluded above the case of dihedral representations as they exhibit different behavior. We illustrate this by discussing the case of odd S 3 -representations ρ : G Q → GL 2 (k)(= Aut(W )) with k a fixed finite field of characteristic p from the point of view of of level raising at primes q = p. This is in parallel with the work in the pevious section which addressed weight one p-adic lifts of such ρ. We use the earlier notation and thus the determinant of ρ, the sign of the S 3 -representation, is an odd character χ. Such a ρ arises from S 2 (Γ 1 (N p), χχ −1 p ) for some N prime to p, and we assume that p >> 0 so there is a unique form in this space which fives rise to ρ and thus the corresponding global Selmer group is 0. There are two cases of level raising at primes q not 1 mod p, and unramified in ρ and = p, to consider: Table 5 .
Case 1: p is 1 mod 3, q splits in the splitting field of χ, ρ(Frob q ) has eigenvalues ω, ω 2 with ω cube roots of unity in k * (which we may take to be the prime field F p ), and q is either ω or ω −1 mod p. In this case Ad 0 = k(χ) + W , and locally at q, χ is trivial and W = k( ) + k( −1 ). It is easy to see that the the q-new condition is the image of H 1 (G q , k( )) in H 1 (G q , Ad 0 ), and from this deduce that the q-new Selmer group is always one-dimensional. Case 2: We assume that q is −1 mod p, p is 1 mod 3, and ρ(Frob q ) is the image of complex conjugation. Locally at q, k(ψ) = k(ε), and W = k + k(ε) where ε is the mod p cyclotomic charcater of G q of order 2. These eigenspaces correspond to the lines spanned by H, E + F, E − F is the standard basis H, E, F of sl 2 . We have to choose which twist of Steinberg we consider, and locally at q, the q-new condition is either the image of H 1 (G q , k(H + E − F )(ε)) or H 1 (G q , k(H − E + F )(ε)) in H 1 (G q , Ad 0 ). The global q-new Selmer group with given choice of Steinberg twist is 1-dimensional if the 1-dimensional global Selmer group (with no restrictions at q) H 1 L (S ∪ {q}, W ), which is a summand of the 2 dimensional H 1 L (S ∪ {q}, Ad 0 ), maps to the line H 1 (G q , k( )) in the 2-dimensional local cohomology group H 1 (G q , W ). Following our heuristics this may be expected to happen 1/p times (note that as p is 1 mod 3, the field k may be taken to be the prime field F p ).
